We have studied the thermodynamic and magnetic properties of a hot QCD medium as well as its subsequent expansion in the presence of a strong magnetic field, which may be produced in the noncentral events of ultrarelativistic heavy ion collisions, along with the inception of the medium. For that purpose we have first computed the quark and gluon self-energies in the strong magnetic field to obtain the effective propagators for quarks and gluons, respectively, which, in turn, together give the free energy of the medium. The free energy thus obtained has been used to determine the equation of state, wherein we found that the (square) speed of sound increases due to the presence of magnetic field, thus it may affect the expansion of the medium. The above free energy also facilitates to study the magnetic properties by calculating the magnetization and magnetic susceptibility from it. We found that the magnetization increases linearly with the magnetic field, hence the magnetic susceptibility increases with the magnetic field whereas the magnetization increases with the temperature very slowly, so the increase of susceptibility with the temperature is meagre. Finally, using the abovementioned equation of state, we have studied the effect of strong magnetic field on the Bjorken boost-invariant expansion of the medium. We have noticed that in the presence of magnetic field, the energy density of the magnetized thermal QCD medium evolves faster than a pure thermal QCD medium. This can be understood by the aforesaid observation on the enhancement of the speed of sound in the presence of strong magnetic field.
Introduction
The possibility to achieve strong magnetic fields at the noncentral events of ultrarelativistic heavy ion collisions (URHIC) [1, 2] makes it feasible in reality to explore the thermodynamic and magnetic properties of QCD matter in the presence of both heatbath and strong magnetic fields, which are expected to be modified due to the emergence of an additional energy scale associated with the magnetic field. A varieties of QCD related phenomena are investigated in the strong magnetic field, such as the chiral magnetic effect related to the generation of electric current parallel to the magnetic field due to the excess of right-handed quarks over left-handed quarks [3, 4] , the energy flow due to the axial magnetic field [5, 6] , the chiral vortical effect due to the rotating thermal QCD medium [7] , the (inverse) magnetic catalysis arising due to the (restoration) breaking of the chiral symmetry [8] [9] [10] , the thermodynamic properties [11] [12] [13] , the production of soft photons in heavy ion collisions [14, 15] , the Faraday rotation in a magnetized thermal medium [16, 17] , the dilepton production from the QGP [18, 19] and the electromagnetic radiation [20] .
Various materials placed in an external magnetic field can evince quite different responses to the magnetic field and depending on the responses they are classified as paramagnets and diamagnets. Paramagnetic response is defined by the positive value of the magnetization i.e. the case when the free energy of the system decreases due to the magnetic field, whereas the negative value of the magnetization defines the system or material as a diamagnet. Similarly, the QCD matter can also be considered as a paramagnetic medium or a diamagnetic medium depending on its response to the magnetic field. The magnetization is a fundamental property that determines the response of the produced QCD matter in URHIC to the strong magnetic field and the magnetic susceptibility indicates the degree to which the QCD medium is magnetized by the surrounding magnetic field. These properties could be explored through the free energy of the system which in general embraces all the informations about the magnetic and thermodynamic properties of a system. The knowledge about the magnetic response of the QCD matter helps greatly in exploring the chiral magnetic effect [3, 4, 21] , in evaluating the photon production rate from the quark gluon plasma [22, 23] and to observe the impact of magnetic field on the collective expansion of the fireball [24, 25] in noncentral heavy ion collisions. The magnetic response of QCD as a theoretical tool is also very important in other high energetic areas where strong magnetic fields might exist, such as the beginning of the universe and the cores of the magnetars.
The magnetization and magnetic susceptibility in the strong magnetic field predominantly depend on the properties of the free energy in this regime. In this work we have analysed the response of QCD matter to the strong magnetic field through the calculation of magnetization and magnetic susceptibility from the free energy of the QCD medium. Implementing different effective theories and approaches, the magnetization and magnetic susceptibility of QCD have also been studied previously, such as in potential model [26] , holographic QCD [27] , transport model [28] , linear sigma model with the Polyakov loop [29] and quark-meson model applying the functional renormalization group method [30] . There also exists several types and orders of susceptibilities and each susceptibility signifies different aspect of the QCD medium. In case of a pure thermal medium, the study of thermal and net charge susceptibilities helps to explore the structure of QCD phase diagram and to find signals for a possible QCD critical point [31] . The measurement of higher order susceptibilities which are obtained by taking the higher order derivatives of the free energy allows to explore the singular structures associated with phase transitions. For example, the higher order susceptibilities of conserved charges are obtained by the derivatives of the free energy with respect to the baryon chemical potential and their sensitivity to the critical point makes them very important observables to search the QCD critical point [32] [33] [34] . Calculation of magnetic susceptibility in a particular phase helps to identify what type of magnetic material that phase is and its sign change notifies about the possible phase transition. So, we aim to explore the magnetic properties of the thermal QCD medium by calculating the magnetization and magnetic susceptibility in the strong magnetic field limit, which will be indicating the paramagnetic nature of the medium.
So far we have discussed the static thermodynamic and magnetic properties of the medium in the presence of a strong magnetic field. However, the dynamical properties can be probed via the hydrodynamic expansion of the medium produced in the ultrarelativistic heavy ion collisions, where the relativistic hydrodynamical equation of motion is conventionally obtained by calculating the energy momentum tensor in a strong external magnetic field, known as relativistic magnetohydrodynamics. Recently the hydrodynamic expansion in the presence of magnetic field is studied in a one-dimensional boost-invariant Bjorken picture by comparing the energy densities associated with the magnetic field and the fluid in event-by-event basis [35, 36] . Here we aim to examine the effects of strong magnetic field on the one-dimensional Bjorken boost-invariant picture through the aforesaid equation of state in relativistic hydrodynamics, where the effects of strong magnetic field was already incorporated by the speed of sound (c 2 s ) through the relation between the energy density and pressure (P = c 2 s ε), contrary to the relativistic magnetohydrodynamics, where the effect of magnetic field is incorporated in the energy-momentum tensor.
The paper is organized in the following way. In section 2, we have evaluated the free energies due to quark and gluon contributions from the respective effective propagators and obtained the equation of state. Using the free energies thus obtained, we have studied the magnetic properties of the QCD medium in the strong magnetic field by determining the magnetization and magnetic susceptibility in section 3. Then in section 4, we proceeded to observe Bjorken expansion in the strong magnetic field regime. We concluded in section 5. Finally, in appendices A and B we provided complete derivations of the quark self-energy and the quark contribution of the free energy in the presence of a strong magnetic field, respectively.
Free energy
The free energy (F ) of a system of interacting quarks and gluons is the sum of free energies due to quarks and gluons,
The quark contribution (F q ) is calculated perturbatively in the fundamental representation of SU(N c ) gauge theory by the functional determinant of the effective quark propagator, S(P ) ,
where S(P ) is obtained by one-loop quark self-energy through the Schwinger-Dyson equation,
Similarly the free energy due to the (two) transverse and longitudinal modes of gluons in the adjoint representation is calculated as
where the resummed thermal gluon propagators for the transverse and longitudinal modes are obtained from the respective components of the one-loop gluon self-energy [37] as
respectively.
Quark contribution
The quark propagator was first obtained by Schwinger through the proper-time method [38] in the coordinate-space,
where the gauge-dependent phase factor, φ(x, x ′ ) is written in terms of path-representation of gauge fields,
However, by making an appropriate gauge transformation, the phase factor can be gauged away. In fact, for a single fermion line, the phase factor in a symmetric gauge becomes unity, hence the propagator can also be written in the momentum-space as an integral over the Schwinger proper-time (s),
where the notations are given by
In terms of discretized Landau levels, S(K) can be written in a discrete notation,
where D n 's are expressed in terms of the Laguerre polynomials, L n 's [39] as
In a strong magnetic field, only the lowest Landau level (LLL) (n = 0) is occupied, hence the quark propagator (10) simplifies into
Since the gluons are electrically uncharged particles, they are not directly affected by the Lorentz force, therefore the form of vacuum propagator for gluons remains the same, i.e.
In a thermal medium, both the Schwinger's proper-time propagator for quarks (12) and the gluon propagator (13) get thermalized in the real-time formalism by the following 2×2 matrices,
for quarks and gluons, respectively. The above notations are redefined in terms of quark (n F ) and gluon (n B ) equilibrium distribution functions as n
For the description of a system in equilibrium quantum field theory, only the 11-component of the self-energy matrix is sufficient, so we need only the 11-components of the quark and gluon propagators in a strongly magnetized thermal medium to calculate the respective effective propagators, which are therefore given by (from matrices (14) and (15)),
respectively. The temperature dependences are contained in the quark and gluon distribution functions,
respectively with T = 1/β.
Thus the 11-component of one-loop quark self-energy (omitting the subscript "11") in terms of the 11-components of the quark (16) and gluon (17) propagators in a strong magnetic field is written as
where the factor, 4/3 represents the QCD colour factor and g (g 2 = 4πα s (eB)) is the running QCD coupling, that runs with the magnetic field because the magnetic field is the dominant scale of the thermal medium in a strong magnetic field (eB >> T 2 ), similar to the thermal medium in the absence of magnetic field where temperature is the dominant scale [40, 41] . The trace of gamma matrices in eq. (20) is calculated as
with
The quark self-energy (20) contains both the vacuum and medium contributions with single and product of two distribution functions. In SMF limit, due to the LLL approximation, the external quark momentum P (p , p ⊥ ) is assumed to be purely longitudinal [42] , i.e. p ⊥ = 0. In addition, for the loop-momentum, both k 2 and k 2 ⊥ are much smaller than |q f B|, so the form-factor, e −k 2 ⊥ /|q f B| is approximated to be one. Thus the aforesaid artefacts of SMF limit facilitate to compute the real-part of the quark self-energy (in appendix A) as [11] ,
which in turn evaluates the effective quark propagator from the Schwinger-Dyson equation (3) .
Therefore the quark contribution of the free energy in a strong magnetic field is obtained from eq. (2) in appendix B,
where the new variables are defined as
Gluon contribution
Similarly the free energy due to the gluon contribution can be calculated from eq. (4),
where Π T (P ) and Π L (P ) are obtained from the hard thermal loop perturbation theory.
where the Debye screening mass (m D ) is obtained by the static limit of the longitudinal component of the gluon self-energy.
Gluons being uncharged particles do not feel the presence of the magnetic field and the temperature remains the largest energy scale for them even in the presence of a magnetic field. Therefore the Debye screening mass can be calculated from the gluon loops as
where the running QCD coupling, g
, runs mainly with the temperature.
Unlike gluons, the quarks being the charged particles are affected by the magnetic field, so only the remaining quark loop gets modified in a magnetic field. Hence the Debye screening mass due to the quark loop changes its form in a strong magnetic field and this ultimately brings the magnetic field dependence in the gluon component of the free energy, F g . In real-time formalism, the LLL quark propagator (16) gives the 11-component of the gluon self-energy matrix for the quark loop,
where the factor 1/2 accounts for the trace over colour indices. Since the magnetic field decouples the transverse dynamics from the longitudinal one, so the gluon self-energy in LLL is manifestly separated into perpendicular and parallel parts. The perpendicular component is thus easily calculated as
Next calculating the trace over gamma matrices,
the parallel component can be written as the superposition of three terms,
The vacuum contribution in eq. (31) is decomposed as
which for the massless flavors yields to
Therefore the longitudinal component naturally becomes
Next the real-part of the medium contribution with single distribution in eq. (31) is separated as
which for massless flavors is simplified into
The medium contribution involving product of two distribution functions in eq. (31),
is purely imaginary, so it does not contribute to the real-part.
So the vacuum (34) and medium (36) contributions superpose together to give the real-part of longitudinal component of the self-energy tensor (31),
After multiplying the transverse-momentum dependent component (29) to the above longitudinal-momentum dependent one (38) , the Debye mass due to the quark loop only is finally obtained [43, 44] as
which depends on the magnetic field, which is, however not the case in weak magnetic field. For physical quark masses, the Debye screening mass is calculated [11, 44] as
which now becomes a function of both the magnetic field and the temperature. However, it becomes temperature independent beyond a certain temperature. In our calculation for the two light flavors u and d (m Finally the Debye mass obtained from the gluon (27) and quark (39) loops of the gluon self-energy for the massless flavors becomes
Therefore the gluon contribution of the free energy, F g is calculated from eq. 
where the renormalization scale (Λ) is set at 2πT .
Thus the quark (23) and gluon (42) contributions give the free energy of a hot QCD medium in the presence of a strong magnetic field as
Thermodynamic properties
In the thermodynamic limit, the negative of the free energy gives the pressure (P = −F ) for a hot QCD medium, which is found to increase in the strong magnetic field regime [11] , compared to the medium in the absence of magnetic field. However, the strong magnetic field restricts the dynamics of quarks to two dimensions, which causes a reduction of the phase space and results in the decrease of both entropy and energy densities. Finally we can obtain the equation of state of the hot QCD medium from the relation between the energy density and pressure,
by calculating the (square) speed of sound, c 2 s from the free energy in the presence of a strong magnetic field (43),
which becomes a function of both temperature and magnetic field. To see the effects of the interplay between the temperature and (strong) magnetic field quantitatively, we have computed the (square) speed of sound (c 2 s ) as a function of magnetic filed at different temperatures and vice versa in figures 1a and 1b, respectively and found an enhancement due to the presence of strong magnetic field. The above crucial observations on the thermodynamic observables as well as the equation of state may leave imprints on the magnetic properties of the medium and its subsequent hydrodynamic expansion in the ultrarelativistic heavy ion collisions. 
Magnetic properties in a strong magnetic field
This section is devoted to explore the magnetic properties of the hot QCD matter in the presence of strong magnetic field. For this purpose we are going to calculate the lowest and the next-to-lowest order responses of the medium to the magnetic field, i.e. the magnetization and the magnetic susceptibility in the next subsections, respectively.
Magnetization
Once the free energy (F ) due to a medium of interacting quarks and gluons is known, the magnetization (M) can be obtained from the following definition, The final expression of M is given by
To analyse the magnetic behavior of QCD matter in a strong magnetic field, we have plotted the magnetization as a function of magnetic field at fixed temperatures 200 MeV, figure 2b . Similarly the magnetic susceptibility is also plotted as a function of temperature at different strong magnetic fields. In all these plots, we have set the ranges of magnetic field and temperature compatible to the strong magnetic field limit (eB ≫ T 2 ).
We observed that in the strong magnetic field limit, the magnetization increases almost linearly with the magnetic field and the increase is relatively larger for a hotter medium (in figure 2a) . On the other hand the magnetization increases with the temperature too but the increase is meagre (in figure 2b) . The above (positive) magnetization can thus be explained by the decrease of free energy of the hot QCD matter in an ambient strong magnetic field, so it behaves as a paramagnetic medium. Minimization of the free energy induces a force, F ≡ −∇F which might affect the elliptic flow and causes a change in the shape of the QCD matter in the transverse plane of the noncentral heavy ion collision, known as paramagnetic squeezing. Recent calculations in lattice [25, 45, 46] and in hadron resonance gas model [47] also indicate that a hot QCD medium in a strong magnetic field is a paramagnetic one.
To see how the interactions among quarks and gluons affect the magnetization, we have computed the magnetization in units of its noninteracting value as a function of magnetic field at fixed temperatures in figure 3a and vice versa in figure 3b . We observed that the magnetization gets enhanced due to the interaction and the enhancement is more pronounced with the increase of magnetic field. However the interaction has the opposite effect on the variation of magnetization with the temperature where the magne-tization decreases with the temperature. This is due to the fact that as the temperature increases, the orientation of magnetic dipoles becomes more randomized, as a result the magnetization of the interacting quarks approaches beyond a temperature (greater than the magnetic interaction energy) to its value attributed by the seemingly noninteracting quarks.
Magnetic susceptibility
The magnetic susceptibility (χ) is a higher-order cumulant of free energy, which is obtained from the free energy as
The final expression of χ is given by To investigate the response of magnetic field of the hot QCD medium quantitatively, we have computed the magnetic susceptibility as a function of the temperature at different strong magnetic fields in figure 4 , which comes out to be positive and increases with both temperature and magnetic field albeit the increase with the temperature is meagre. Since the susceptibility remains positive therefore it reaffirms the paramagnetic nature of hot QCD medium in a strong magnetic field.
Thus the free energy and its higher-order derivatives with respect to either magnetic field or temperature give the information about the magnetic and thermodynamic properties of a given medium in its different phases, respectively. In this work we have explored the magnetic behavior of QCD matter in a temperature range 200-400 MeV in the presence of strong magnetic fields by calculating the magnetization and magnetic susceptibility, which are, respectively, given by the first-and second-order derivatives of the free energy with respect to the magnetic field. Similarly, in a pure thermal medium, the quarknumber susceptibility can be obtained by differentiating the free energy with respect to the quark chemical potential to observe the baryon-number fluctuation, which facilitates to locate the critical point of phase transition [48, 49] . Also the chiral susceptibility, which can be determined by the second-order derivative of the free energy with respect to the quark mass, helps to characterize the chiral phase transition in QCD [50, 51] .
Bjorken expansion in the presence of strong magnetic field
In the vacuum the magnetic field decays very fast [4] so that it becomes tiny before a locally equilibrated thermal medium is created. Thus there may be some possible action of magnetic field on the static and dynamic properties of the medium produced in URHIC. However, some recent observations predict that the decay of magnetic field might be significantly slowed down due to the transport properties of the medium, viz. electrical conductivity [52] , as a result the magnetic field may be strong enough till the thermal medium is produced locally. This motivates to study the effect of magnetic field on the dynamics of the matter produced in the heavy ion collision.
The hydrodynamic expansion of the medium is given by the conservation of the energymomentum tensor,
where, in the absence of dissipative forces, it can be obtained as
where ε and P are the energy density and the pressure, respectively, of the medium. These are obtained from the free energy of the thermal QCD medium in a strong magnetic field, which is shown to behave as a paramagnetic medium, i.e. having positive magnetization.
Therefore the ideal fluid gives the Bjorken's boost-invariant longitudinal expansion,
Using the equation of state (P = c 2 s ε) for thermal QCD in a strong magnetic field, the above first-order differential equation can be solved to give the evolution of energy density as a function of the proper-time,
where c 2 s is taken from the eq. (45) as a function of both temperature and magnetic field, whereas in usual hydrodynamics, c 2 s is either taken constant (1/3) for noninteracting equation of state or taken as a function of temperature only (for baryonless matter). It is very important to mention here that the effect of magnetic field on the expansion dynamics enters through the thermodynamic equation of state, unlike in magnetohydrodynamics, where the contribution due to the magnetic field enters directly into the energy-momentum tensor, in addition to the usual matter and gauge field contributions [53, 54] . However, the above proper-time evolution of energy density can be translated, by the equation of state (ε ∼ T 4 ), into the evolution of temperature with (proper) time, known as cooling law. As an example, using the noninteracting equation of state for a thermal QCD medium, the above equation (53) can be converted into
The corrections to the Bjorken expansion for ideal fluid can be incorporated by adding the viscous stress tensor, Π µν to the ideal case (51),
which can be expressed in terms of the velocity-gradient,
where η is the shear viscosity and
In a first-order viscous hydrodynamics, the shear-stress is written in terms of the firstorder symmetrized velocity gradient ( ∇ µ u ν ),
whereas for a second-order viscous hydrodynamics, Israel-Stewart theory [55] modifies the equation of motion for the ideal fluid (52) into [56, 57] ,
where the shear-stress (Φ) will asymptotically reduces to its first-order value after the relaxation time (τ π ) is elapsed. In the Navier-Stokes limit, the one-dimensional boostinvariant expansion gives [56] ,
Thus substituting the value of Φ in eq. (58), the Bjorken longitudinal expansion for dissipative fluid can be obtained as
The solution of eq. (60) with the EoS P = c 2 s ε, is determined as
i , respectively. In the above solution, the first and the second terms in both sides represent the contributions due to the zeroth-order expansion and due to the viscous corrections, respectively. In the present work we have used the shear viscosity to entropy ratio, η/s as 0.08 from the AdS/CFT [58] calculation and 0.3 from the perturbative QCD [59] calculation. In our Similar to the cooling law (54) in ideal hydrodynamics, the cooling law in a first-order dissipative hydrodynamics can also be obtained in terms of the η/s ratio [61] ,
To know how an ambient strong magnetic field could affect the hydrodynamic expansion quantitatively, we have observed the evolution of the energy density (ε) of a hot QCD medium with the proper-time (τ ) in the absence (solid line) and in the presence of a strong magnetic field (dotted and dashed lines) in figures 5a and 5b and 5c for the ideal and dissipative fluids, respectively. The energy density always decreases with the proper time but in the presence of strong magnetic field, ε decreases faster with τ compared to the case in the absence of magnetic field. This observation can be envisaged from our earlier observation in the equation of state (figure 1), where the speed of sound gets enhanced due to the presence of magnetic field. Similar behavior in the energy density as a function of proper time is also noticed in the presence of dissipative forces, i.e. with the nonzero shear viscosity to entropy ratio (η/s).
Conclusions
We have studied the response of a strong magnetic field on a hot QCD medium by estimating the magnetization and magnetic susceptibility from its one-loop free energy evaluated in the strong magnetic field limit (eB >> T 2 ), which may be realized in the non-central events of ultra-relativistic heavy ion collisions. Both the magnetization and magnetic susceptibility have been emanated from the quark and gluon contributions through their respective one-loop self-energies, where the quark contribution is largely affected by the magnetic field unlike the gluon contribution. The positive values of both magnetization and magnetic susceptibility, which in turn increase with the magnetic field, have affirmed the paramagnetic nature of the hot QCD medium in the presence of a strong magnetic field. In addition we have explored the effect of strong magnetic field on the evolution of the QCD medium both in the presence and absence of dissipative forces.
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Appendices
A Quark self-energy in a strong magnetic field
In the presence of a magnetic field, the motion of a quark perpendicular to the direction of magnetic field is quantized. In SMF limit, k 2 ⊥ ≪ |q f B| and this leads exp(−k 2 ⊥ /|q f B|) ≈ 1. Also the upper limits of the momentum integrals are set at |q f B| and p ⊥ ≈ 0 [42] , so we have
Therefore the quark self-energy (20) becomes a function of the longitudinal component of momentum only with the following form,
where Σ V (p ), Σ n (p ) and Σ n 2 (p ) denote the vacuum part, medium parts containing single distribution function and product of two distribution functions, respectively.
A.1 Vacuum part
The vacuum part of the quark self-energy from eq. (A.64) can be written as
(A.65)
Using the identity, 1 x ± y ± iǫ = P 1 x ± y ∓ iπδ(x ± y) , (A.66)
we obtain the real part with the following form, After solving the integral I a analytically, we get
The integral I b is solved by expanding it in a Taylor series around the mass-shell condition -γ · p = m f in a strong magnetic field,
Up to first order (dropping the higher-order terms), I b is given by where L i 's are the imaginary quantities with the following values,
+ n B (a − p 3 ) ,
where a and b are given by
Thus the medium part involving gluon distribution function (Σ n B (p )) is excluded from the real part of the quark self-energy.
In eq. (A.64), the medium part, containing the product of quark and gluon distribution functions,
is imaginary, hence it is not included in the real part of the quark self-energy. Now the total real part of the one-loop quark self-energy in a strong magnetic field is obtained by adding the vacuum (A.78) and the medium (A.85) parts, After plugging the integrals I 1 and I 2 in eq. (B.99), the free energy due to the quark contribution in a strong magnetic field is expressed as,
